ON THE NONCOMMUTATIVE RESIDUE AND THE HEAT 
TRACE EXPANSION ON CONIC MANIFOLDS 
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Abstract. Given a cone pseudodifferential operator P we give a full asymp- 
totic expansion as t — » + of the trace TrPe - tA , where A is an elliptic cone 
differential operator for which the resolvent exists on a suitable region of the 
complex plane. Our expansion contains log t and new (log t) 2 terms whose 
coefficients are given explicitly by means of residue traces. Cone operators are 
contained in some natural algebras of pseudodifferential operators on which 
unique trace functionals can be defined. As a consequence of our explicit heat 
trace expansion, we recover all these trace functionals. 



1. Introduction 

On a smooth compact manifold M without boundary we may consider the op- 
erator algebra A = ^^ t (M)/^~°°(M), where *^(M) is the algebra of classical 
pseudodifferential operators of integral order and ^>~°°(M) is its ideal of smooth- 
ing elements. Operators of order less than — dimM are of trace class, but the 
L 2 -trace cannot be extended to the whole algebra A. However, M. Wodzicki [po| 
and V. Guillemin j^] independently introduced a new functional Res : A — > C which 
vanishes on commutators, so defines a trace on A. This trace functional is called 
the noncommutative residue or Wodzicki residue, and is unique in the sense that 
any other trace on A is a constant multiple of Res. A detailed survey about this 
trace can be found for instance in ||. 

The noncommutative residue is closely related to the zeta function of opera- 
tors and to generalized heat trace asymptotics. In fact, Res(P) can be defined 
(up to a constant) as the residue at z — of TrPA~ z , for some fixed invertible 
pseudodifferential operator A; the complex power being defined as by Seeley Jl9{ . 
Alternatively, Res(P) can be defined as the coefficient of \ogt in the asymptotic 
expansion as t — > + of Tr Pe~ tA . Using these different but equivalent definitions, 
the noncommutative residue has been extended to various algebras of pseudodif- 
ferential operators on manifolds with and without boundaries (cf. ||, 
including manifolds with singularities, cf. [|l7], Q. The purpose of this paper is to 
obtain a generalized heat trace expansion for cone operators, and use it to recover 
the corresponding noncommutative residue(s) that can be associated to them. 

Let M be a compact manifold with boundary and let x denote a fixed boundary 
defining function. Let ^™(M) denote the space of ^-pseudodifferential operators 
over M, cf. Section ||. On manifolds with conic singularities, spaces of the form 
x _p \E'™(M), p6l, arise as natural spaces of pseudodifferential operators contain- 
ing the cone differential operators. 
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As originally done by R. Melrose and V. Nistor in |TjJ for cusp operators, it is 
helpful to consider the following algebra 

ar z #J(M) = (J (J x- p % n (M). 

In this algebra there is an ideal of smoothing operators 

I := ""(Af) = p| x- p ^°°(M), 

and we can consider the following quotient algebras: 

I a := x°°*$(Af)/X, l a := x- z ^°°(M)/l, 

A a := ?(M)/ar z *i "(M), 
^ a := x^ z ^(Af)/a; 00 ^(A/), 

^a )CT := x-^l (M)/{x- z ^-°°(M) + x°°^l(M)}. 

These quotients 'separate' the filtration given by the order of the operators from 
the filtration given by the power of x. It turns out that on these algebras there are 
three 'unique' trace functionals Trg CT on A a , Ao and Ad i<7 , Trg on Xg, and Tr a on 
I a . They are conic versions of the functionals studied in |l7] . Trg yCF and Tr CT were 
also considered in |jl8|| . Their definitions and basic properties are given in Section |[ 

In (5[ Q| , the first author defines natural conditions (called parameter-ellipticity) 
on a cone differential operator A £ a; _m Diff™(M) which ensure that the heat op- 
erator e~ tA exists. Moreover, a full asymptotic expansion of Tr e~ tA was obtained. 
Later in flj4| , this expansion was generalized to Tr Pe~ tA where P is a cone differ- 
ential operator. In the present work, the techniques of [ fl4| are expanded to analyze 
the generalized heat trace expansion when P is pseudodifferential. 

Let P <E x~ Pl &™ (M), p, ml e 1, be a pseudodifferential cone operator. Assume 
that p < m so that Pe~ tA is of trace class (on appropriate weighted Sobolev spaces) 
for all t > 0. In Section ^, we obtain an asymptotic expansion of the form 

oo oc oo 

TrPe~ tA ~ t ^o+ E c * *** + E 40°g*) *"* + E c 'k(logt) 2 ^ 

fc=0 fc=0 fc=0 

and give explicit formulas for all the logt coefficients c' h and c'j, in terms of the 



trace functionals mentioned above, see Theorems 5.1, 5.2 and their corollaries. In 
particular, the coefficient of \ogt is 

-- Tiv(F) - - Tr a {P) - \ Tr a>ff (P), 

and Trg a (P) = —m 2 x the coefficient of (logi) 2 . 

Our results rely on the parametrix construction within a suitable parameter- 
dependent calculus which is presented in Section ||, and on basic properties of 
the Laplace and Mellin transforms discussed in Section ||. Let us finally mention 
that the study of heat trace asymptotics on manifolds with conic singularities was 
initiated by J. Cheeger [Q, ^| and further developed by many other authors, a list 
of references can be found in H , mM . 
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Figure 1 . The manifold M & 2 is M 2 "blown-up" at the corner Y . 
The submanifold Ab is the the diagonal in M 2 lifted to M 2 \ that 
is, written in the polar coordinates of M 2 . 



2. Operator algebras and trace functionals 

Recall that an n-dimcnsional manifold with corners M is a manifold with atlas 
given by local models of the form [0, oo) fc x W l ~ k , where k can run anywhere 
between and n. (This definition is suitable for our purposes, but is a bit more 
general than the standard definition, cf. JlEfl.) For any aGl, the 6-alpha density 
bundle f2™ is the line bundle on M with local basis of the form \(dx / x)dy\ a on a 
patch [0, oo) x x Wy~ k . We will either use a = 1/2 or a = 1; in the latter case, we 
will write f2& for f2£ . 

We now review the definition of 6-pseudodifferential operators. The standard 
reference is Melrose's book J^[. Let M be an n-dimensional compact manifold 
with connected boundary Y — dM . Recall that M 2 is the manifold with corners 
that has an atlas consisting of the usual coordinate patches on M 2 \ Y 2 together 
with polar coordinate patches over Y 2 in M 2 . The typical picture of M 2 is shown 
in Figure ^. The boundary hypersurfaces lb, rb, and ff stand for "left boundary" , 
"right boundary" , and "front face" . 

For symmetry reasons, it is common practice to have 6-pseudodifferential op- 
erators act on 6-half densities rather than on functions. Given m £ K, the space 

i i 
^™(M, Slj ) consists of operators A on C°°(M, ) that have a Schwartz kernel Ka 

satisfying the following two conditions: 

1. given ip e C°°(M 2 \ Ab), we can write <pKa in the form k ■ v, where k is a 
smooth function on M 2 vanishing to infinite order at lb and rb, and where 

veC°°(M 2 ,Sll), 

2. given a coordinate patch of M 2 overlapping Ab of the form U y x K.™ such that 
A b S U x {0}, and given ip e Cf{U x R"), we have 

(2.1) V K A = J e*-*a(y,S)dS-v, 

i 

where v € C co (M 2 , Slj 2 ), and where a(y, ^) is a classical symbol of order m. 

Henceforth, we will fix a boundary defining function x for Y . Let p, m 6 M. 

i 

Given A 6 x~ p ^™(M, Vt£ ), we define its (Wodzicki) residue density lu(A) as fol- 



lows, cf. [Ell. Write the kernel of A locally as in (2.1) above. Observe that since 
Ab = M, the coordinate patch U can be considered a coordinate patch on M. We 
define uj(A) locally on the patch U by 

(2-2) u y (A) := f a_ n (y,0^-HA 6 , 
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where a_„(y,£) is the homogeneous term of degree — n in the symbol expansion 
of a(y, £). Note that if m ^ Z, then uo{A) — since a(y,£) has no homogeneous 
component of degree — n. Also note that v\&. b £ C°°(M, f2(,) as one can check 
using local coordinates. The local expression ( |2.2| ) turns out to be independent of 
coordinates; a nice proof of this fact can be found in S. Thus, the local expressions 
actually define a global density lu(A) £ x- p C°°(M, fi 5 ). 
We now review various trace functional introduced by Melrose and Nistor [|l7| 
Sec. 5], and in a slightly different setting by Schrohe [[l8|. We remark that Melrose 
and Nistor studied cusp operators, although by continuity many of their results 
apply to ^-operators. In what follows, we will freely use their results presented 
from the perspective we need them. 

The functional Tr 0:CT . Given P £ x~ p ^{M, p,m £ M, we define 

(2-3) TtbAP) ■= ~, I d p {x p u{P)}\ x = Q . 

P' Jy 

If p ^ No, then Tra i<T (P) is defined to be zero. The expression d p {x p u>(P)}\ x =o 
is defined as follows'. Since u(P) £ a^C^M, fi&), in a collar X S [0,1)^ x Y 
near Y, we can write x p ui(P) = f(x) — , where f(x) is a smooth family of densities 
on Y. We define d%{x p w(P)}| x=0 := d p f(0). It is not obvious that Tr a , ff (P) is 
defined independent of the boundary defining function x. We will prove that it is 
independently defined following Lemma |2.l| below. 

A more transparent way to view Tr^ CT (P) is as follows. Assuming that p f! No, 
expand uj(P) near the boundary Y in Taylor series: uj{P) ~ YljL-p xJ ^(Pj)- Then 
as j\9E{x p uj(P)}\ x=0 = w(P ), we have 

(2.4) Tr a , CT (P) - J lo(Po). 

Thus, Trg „ is a natural way to restrict the Wodzicki residue trace to the boundary. 

Lemma 2.1. Let u £ x~ p C co (M 7 il b ), p £ K. Then the function C3zh j M x z u 
is well-defined for 5Rz > p and it extends to be a meromorphic function on C with 
only simple poles at z = p, p — 1, p — 2, . . . . In particular, it has a pole at z = iff 
p £ No in which case, its residue is given by ^ J Y d p {x p u}\ x= Q. The regular value 
of the function C3zh j x z u is called the b-integral of u and is denoted by b J M u. 

Proof. In a neighborhood M = [0, 1)^ x Y of Y, we can write u = x~ p v(x)^- where 
v{x) is a smooth family of densities on Y . Expanding v(x) in Taylor series at x = 
shows that u ~ 5^L_ p x3u j> where 

! :d p+ >v(0) = —±—dl + i{x p u}\ x = Q , j = —p, —p + 1,... . 



J (p + j)\ x V ' (P + J)! 
Since f x 2 ^ — = — ^ our lemma follows. □ 

Lemma 2.2. p"7| , Lem. 6] The functional Trg _ a is defined independent of the choice 
of boundary defining function x. 

Proof. Suppose that x' is another boundary defining function. Then x' — ax where 
< a £ C°°(M). Denote by Tra j(TiX and Trg t<J>x i the functional Tra jCT defined using 
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the boundary denning functions x and x', respectively. Then by Lemma 2.1 

T±a,*AP) ~ Trd,*,x>(P) = Re Sl f x z P(z), 

Jm 

where Resi denotes th e re sidue at z = 0, and where P(z) = (1 — a z )oj(P). Since 
-P(O) = 0, by Lemma 2A it follows that J M x z P{z) is regular at z = 0. Thus, 
Tr 9 , ffjX (P) = Tr d ^ x ,(P). " □ 

We now consider in what sense the functional Trg CT defines a trace. To do so, 
we need to introduce some operator algebras. The main algebra is 

Consider now the following quotient algebras: 

A a := x- z *i(M,nj)/x- z ^°°(M,Sll), 
A d := x- z ^l{M^l)/x^l{M^l), 

A d , a := x- z vf(M,nl)/{x- z ^°°(M,nl) + x°°^(M,nl)}. 

These algebras were first considered by Melrose and Nistor in where the fol- 
lowing theorem is also proved. 

Theorem 2.3. The functional Tig t<T defines a trace on the algebras A a , Ad, and 
Ae, &, and is the unique such trace in the sense that any other trace on any of these 
bras is a constant multiple o/Trg j(T . 



The functional Tr e . Fix a holomorphic family Q(z) e x az ^ z (M, fi 2 ), a, j3 G E, 

i 

of operators such that Q(0) = Id. Let P £ x~ p, $!™(M, S! fc 2 ), p,mel, and denote 
by (PQ(z))\a the restriction of the Schwartz kernel of PQ(z) to the diagonal A 
in M 2 . Then by [[l7|, Lem. 4], {PQ[z))\ A defines a meromorphic function on C, 
taking values in x az ~ p C co {M 1 fib) (using that A = M), with possible simple poles 
at those zeC with (3z = —n — m + k for k = 0, 1, . . . . In particular, 

Res (PQ(z))| A G x- p C°°(M, Q b ) 
is well defined, where Reso means "the regular value at z — 0" . We define 

(2.5) Tr d (P):=- [ d p {x p Reso(PQ(z))| A }U=o- 

P' Jy 

If p g' No, then Trg(P) is defined to be zero. The functional Trg was first intro- 
duced in [lTy . The same argument found in Lemma 2.2 shows that Trg is defined 
independent of the boundary defining function chosen. (Unfortunately, Trg does 
depend on the regularizing operator Q(z); however, its dependence on Q(z) can be 
explicitly determined, see |l7|, Lem. 11].) 

For P of sufficiently large negative order, Tra(P) has a natural interpretation. 
Indeed, if m < — n, then observe that {PQ(z))\ A is regular at z — with value 
Kp\a G x~ p C°°(M, fif,). Assume that p G No and expand Kp\ A in Taylor series at 
x = 0: K P \ A ~ t2jL- P xj Kpj\A- Then as d p {x p K P \ A }\ x=0 = K Pfi \ A , we have 



Tr 9 (P) = J K 



P,0|A- 

Y 
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Thus, for P of sufficiently negative order, Tig(P) is a type of L 2 -trace of P restricted 
to the boundary of M. 

Consider now the algebra 

Xg := x- z * b - oo (M,0=)/ a; oo ^- o °(M ) 0}). 
The following theorem is proved in p7[ . 

Theorem 2.4. The functional Tig defines a trace on Xg and is the unique such 
trace in the sense that any other trace on Xg is a constant multiple of Tig . 

The trace functional Tr CT . Given P £ x~ pi $™(M, !l, J ),j),m6 R, we define 

(2.6) Tr CT (P):=f U (P), 

Jm 

where J is the 6-integral introduced in Lemma 2.1. This functional was first intro- 
duced in jl8| when P vanishes at the boundary (in which case, b J M ui{P) = f A r uj(P) 
is just the usual integral of u>(P) over M). In the generality presented in (2.6), Tr ff 
was first studied in (l7) . Tr CT is the natural generalization of the Wodzicki residue 
trace to cone pseudodiffcrcntial operators. 

To see how the functional Tr CT depends on the boundary defining function x, we 
first prove the following lemma. 

Lemma 2.5. Let x' = ax be another boundary defining function for Y where < 
a E C°°(M) and let u £ ar p C°°(M, fi 6 ), pel. Denote by b ' x J M u and b ' x 'f M u 
the b-integral of u as defined by using the boundary defining function x and x' , 
respectively. Then, 

b,xl b,x i ' 



(2.7) b <7 u = 6 '*/ u+- / flg{a*logo«}| x= o. 

Jm Jm P- Jy 

If p £ No, then the last term is understood to be equal to zero. 



Proof. We can write (x') z u — x z u = zx z a(z)u, where a(z) = (a z — l)/z. As a(0) 
log a, we have 

b ' x u — b ' x u — Resoz x z a(z)u — Resi / x z \ogau, 
Jm Jm Jm Jm 



where Resi denotes the residue at z = 0. (|2.7|) now follows from Lemma 2.1. □ 



Lemma 2.6. Jl7| , Lem. 9] Given another boundary defining function x' = ax where 
< a 6 C°°(M), the trace functionals Tr^ defined with respect to x' and x, respec- 
tively, are related by 

Tra,x>(P) - Tr a , x (P) = Tra^logaP). 



Proof. By Lemma 2.5 



we have 



TT atX ,{P)~TT a . x {P)^ b 'i u(P)- b ' x '[ w(P) 

Jm Jm 



m Jm 

dl{xVu(\ogaP)}\ x =o 
Tr 9 , CT (logaP). 



1 



□ 
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The final algebra we consider is 

l a := z~ttJ(M,nJ)/s~¥r-~(M,flf). 
The following theorem is proved in p7| . 

Theorem 2.7. The functional Tr<j defines a trace on X a and is the unique such 
trace in the sense that any other trace on X a is a constant multiple of Tr<j . 

3. Parameter-dependent calculus 
i 

The space x~ m Diff™(M, f2 b ), m > 0, is the space of differential operators on 
M that near the boundary, take the form 

A = x~ m J2 a ka {x,y){xD x ) k D« 

k-\-\a\<m 

with coefficients smooth up to x — 0. To such an A we associate the operator 
A> = x- rn a ka(0, y)(xD x ) k D« 

k-\-\a\<m 

by freezing the coefficients at x = 0. 

i 

Definition 3.1. Let A G x~ m Diff™(M, f2 h 2 ) and let A be a sector in C containing 
the origin. The operator family A — A is said to be parameter -elliptic with respect 
to a £ 1 on A if and only if 

1. o-™ h {A){i) - A is invertible for all £ ^ and A 6 A, 

2. spec b (A) n {z G C | = -a} = 0, 

3. A - A : x a H*(Y A ,nl) -> x a - m H s b ~ m (Y A , fij) is invertible for every A G A 
sufficiently large, and for some set. 

Here, cf. |Q, Sec. 3], c™ i6 (A)(£) is the totally characteristic principal symbol of x m A, 
spec & (A) denotes the boundary spectrum of x m A, Y A :~Yx R + , and H§ denotes 
the totally characteristic Sobolev space of order s. 

The following proposition is proved in |4|, Th. 3.2]. 

Proposition 3.2. If A — A is parameter- elliptic with respect to a on A, then 

A - A : x a H s b (M, fij) -> x a - ,n H b s - m {M, flj) 

?s invertible for every A G A sufficiently large, and all s G K. 

We next analyze the resolvent (A — A) -1 within a suitable parameter-dependent 
pseudodifferential calculus. We begin by describing the parameter-dependent sym- 
bols as defined in |l4| . Related symbol classes can be found in jjj. 

For to, p G R and d > we define jS m ' p ' d (]R n ; A) as the space of functions 
a G C°°(R" x A) such that 

|9 5 Q 9f a(t A) | < C7 Q/3 (1 + | C | l"l (i + |£| + | A |iA* )P -<*l/?l. 

The space S% > ' p ' d (R n ; A), p/d G Z, consists of elements a G S m,p,rf (M"; A) such that 
if we set 

a(£,z) :=z^ d a(tl/z), 
then a(£, z) is smooth at z = 0, and 

< c aP (i + |^|)™-p-i«i+rfi/3i(i + \ z \\t\ d y/ d -w 
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uniformly for \z\ < 1. Let S™$' d (R Tl ; A) be the class of elements a G S™' p > d (W l ;A) 
such that for every N G N, 

N-l 

(3.1) a(£,A) = ]T x(0«m-i(C,A)+r^(C,A) 

with rjv G S™~ N,P ' (K n ; A), fl ra , 3 anisotropic homogeneous of degree m — j, i.e., 

a m _,-(^, S d X) = 6 m -Ja m ^{^ A) for 6 > 0, 

and z p / d a m _j(£, 1/z) smooth at z = 0. Finally an element a G 5™ c '^' d (K"; A) is 
said to be holomorphically tempered if it is holomorphic in a neighborhood of A, 
and there exists an e > such that each a m -j(t;, A) is holomorphic in the region 

{(£ A) G (R™ \ {0}) x C : A G A or |A| < e\£\ d or ^\ d < |A|}. 

We now define our corresponding spaces of parameter-dependent cone operators, 
cf. jl^, Let p denote a boundary defining function for the front face ff of M%. 

Our first space y™f> d (M,n*) is defined as the space of those operator families 

A(X) G C°°(A,*™(M,0|)) whose Schwartz kernels K A[X) satisfy the following 
two conditions: 

1. given tp G Cf(Ml \ A b ), then ipK A{x) = R(p d X), where i?(A) is smooth in A 

i 

taking values in 4 , ^"°°(M, Q,g ) and satisfies the estimates 

\d%R(\)\ < C Q (1 + |A|) p / d -l a l, for all a G No, A G A, 

2. given a coordinate patch on M£ overlapping A& of the form U y x R™ such 
that A b ^ U x {0}, and given ip G C C °°(W x R"), then 

<pK A(x) = J e l ^a{y,^p d \)di-v, 

i 

where v G C°°(Mf , Sl fc 2 ), and where 

y^a(y,e,A)GC7 00 (W,5™f d (R";A)). 

Furthermore, A(A) is holomorphically tempered if it is holomorphic in a neighbor- 
hood of A and its corresponding local symbols are holomorphically tempered. 

We sketch the definition of our next parameter-dependent space; see |Q for the 
precise definition. Assume that a branch of log is defined and fixed on A, and let 

A i/d ,_ j^i/d | A G A \ 0} U {0}. 

Let T denote the manifold M% x A 1 / 4 blown-up at the submanifold ff x {A 1//d = oo}. 
The boundary hypersurface of T originating from M| x {X 1 ^ = oo} is called the 

— oo d £ - 

"boundary at oo" . We define \& c ' (M, Q? ) as the class of operators whose 

i_ 

Schwartz kernels can be written in the form k ■ v, where v G C°°(M?,D,?), and 
where A: is a function on T which vanishes to infinite order at the boundary at oo, 
and is of asymptotic type £ at the rest of the faces of T. Here, k is of asymptotic 
type £ means, roughly speaking, that if H is a boundary hypersurface of T (except 
the boundary at oo), then £ associates to H a set of numbers Eh such that k 
can be expanded at H in powers and powers of the logarithm of the corresponding 
boundary defining function; the powers that may occur in the expansion are given 
exactly by the set Eh- 
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Our final space of operators is 'J'a 00 C^> ^6 )j wnere ? — (-Pi , F2) is an index 
family for M 2 . An clement 5(A) G ( M > h) 

is a family of operators whose 

1 

Schwartz kernels Ks(\) can be written in the form k ■ v, where v G C°°(M 2 , Sl^), 
and where k is a function on M 2 x A that vanishes to infinite order at A = 00, and 
is of asymptotic type T on M 2 . 

The next theorem follows from Q Th. 2.16] and from the proof of |u| Th. 3.1]. 

Theorem 3.3. Let P G a?-^^' (M, fi*), p, m' G R. Lei 4 6 a:"™ DuTf (M, ft*) 
&e suc/i £/iai A — A is parameter- elliptic with respect to a G R on a sector A. TTien 
we get a decomposition 

P{A - A)" 1 = Q(A) + i?(A) + 5(A), 
w/iere Q(A) £ x m- P ^W-m,-m,m (M) fi | ); E(A) g x -P^r-^.^)( M) Qi) ; anrf 
5(A) G x-p*X°°^ (Q) ( M ^fc ) /° r 

some index families Q (a) andJ-(a). Q(A) 6emg 

holomorphically tempered. 

Remark 3.4. The index families £/(a) and J 7 (a) are given explicitly in terms of 
the boundary spectrum spec b (^4). For their precise definition we refer to (l|, Sec- 
tion 3.2]. They will play no role in the trace expansions that we are looking at, so 
we do not need their explicit descriptions here. 

4. Analysis of the Laplace and Mellin transforms 

In order to give a precise representation of the coefficients in the asymptotic 

expansion of Tr Pe~ tA we first want to analyze the Laplace transform of a holo- 

, 1 

morphically tempered family Q(X) G x m-P\fy™- m ' m ' m (M\ Q.? ), to', p G R, to > 0, 
to > p. Here, we assume that A is a sector of the form 

(4.1) {A G C : e < argA < 2n - e} for some < e < n/2. 

Since Q(A) is holomorphically tempered, there exists 6 > such that Q(X) is 
holomorphic on and to the left of the contour 

T := {A £ C : A G dA for |A| > 5, or |A| = 5 for 2tt - e < arg A < e}. 

For t > define 

(4.2) Q(t) = J- / e- tx Q{\)d\. 

1 

Then Q(t) is an operator of trace class on x a ~ m H£(M, ft? ) for every s G R. This 
relies on the fact that for each t > 0, the kernel of Q(t) is a smooth function on M 2 
vanishing to infinite order at dM 2 , cf. Q Th. 3.21]. 

Let M 2 ~ [0, 1). T x Y x R™ near the face ff with A b = [0, l) x x Y x {0}, see 
Figure [l]. For simplicity, in the analysis that follows we assume that the kernel of 
Q{\) is supported on this coordinate patch. Furthermore, since the variables on Y 
enter in the analysis more or less as parameters (cf. the proof of |l4|, Th. 3.21]), we 
also omit the variables on Y. Thus, we can write 

(4.3) K QW = J e^q(x, £, x m \)at(, \ fdn\ 1/2 , 

where q(x,£, A) G S^J m '~ m - m (R n ; A) and q(x, £, A) = 0(x m ~P). Thus, 
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1 1/2 



K Q[t) = J e^C c {q){t,x,m |f M 



where 



C c (q)(t,x,£) = ± I e- tx q(x,£,x m \)d\. 
Zn 



Finally, 

(4.4) TrQ(t) = J[£ e {q){t,x,QdZ% . 

Motivated by the relation between the heat trace and the zeta function via the 
Mellin transform, we define 

1 f°° 

(4.5) B(z):=— t*- lr TrQ{t)dt. 

i» Jo 

Thus, by means of the inverse Mellin transform we get 

(4.6) Tr Q(t) = — I t- z B(z)T(z)dz 

2™ y Kz=(5 

for any sufficiently large S G R. The following proposition (which is just an appli- 
cation of Cauchy's theorem) suggests that the asymptotic expansion of TrQ(i) as 
t — > + is determined by the poles of B(z)T(z). 

Proposition 4.1. Suppose that iJj(z) is meromorphic with a single pole of order 
£ + I at z = w. Let 

<t) = ^ / t-*iP(z)dz, 
where 7 is a closed curve around w. Then, we can write 



(*) = £^(-i) fe *- w (iog*)V+i, 



k\ 

k=0 



where ri,r2, . . . are the coefficients of the Laurent expansion of ip. 

Now, our goal is to determine all the poles of B(z)T(z), then push the contour 
$tz = S in (4.6) down to 5Rz = —00. Every time we pass a pole of B(z)T(z) we 
pick up a contour integral of B(z)T(z) around that pole, which by Proposition f4.f| , 
contributes powers and powers of the logarithm of t to the expansion of TrQ(i). 

We first determine the poles of B(z). To do so, we want to write it in terms of 
q(x,£, A). By (Q and (|J), and the fact that A~ 2 = / °° t z ^ 1 e~ tx dt, we have 

1 f°° 

B ( z ) = wT/ t Z ~ lr rrQ(t)dt 

r(z) Jo 

J J C c (q)(t,x,0^fdt 



1 



T(z) 

II (f^)^°°*^ l£ c(9)(t,^^Vef 

// (i/ T ^,^™A) d A)^f 
q(x,Z,z)dtf, 
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where 



2tt 



q{x,t,z) :=4z / >T"q(x,C,x m X)dX 
It 



x mz-m±_ I \-z q ( Xj ^\)d\ (A — > x~ m \). 

Z7T 



According to (4.3), q(x, £, z) is a local symbol of the operator 

M(Q)(z) := ± [ \-*Q(\)d\. 



By the definition of the space S™ ci m ' m,m (R"; A), cf. (3.1), a straight forward 
computation shows that q(x, £, z) is a classical symbol of order —mz + m' . Now let 
us write 

(4.7) B(z)= f M(Q)(z)\ A with M(Q)(z)\ A = f q(x,€,z)dZ%. 

As in Theorem 3.21 of |Q, M.{Q){z)\ A extends to be a meromorphic function 
on C having simple poles at z = — Zk, Zk = ~" , k G No, with residues 

Re Sl 7W(Q)(-z fe )| A = -uj(M(Q)(-z k )), 
m 

where lu(A4(Q)(— z^)) is the corresponding Wodzicki residue density, i.e., 
u(M(Q)(-z k )) = f q^ n (x, C, f , 

where q- n (x, £, — z^) denotes the homogeneous component of order —n in the ex- 
pansion of q(x, £, —Zk). Note that g(cc, £, —Zk) is a classical symbol of order fc— n E Z 
since <?(a:,£, z) is classical of order — mz + to'. 

Now it follows from Lemma |1] that if u £ ar* , C£°(! + ), then J °° x mz u(x)f^ has 
poles at 2 = —=^2, j e No with corresponding residues ^ jr^(a; p u)| 2 ; = o- Thus, as 
M(Q)(z)\ A £ x mz ~PC^(R + ,n b ), B{z) has the poles of M(Q)(z)\ A and additional 
poles at z = — On the other hand, T(z) has simple poles at z = —£, I £ No, 

with residues given by e , ■ Altogether we get that B(z)T(z) may have poles at 
z = -£ for £ = 0,1,2,... 

(4.8) z = - — - for j = 0,1,2,... 

to 

fc — to' — ?i 

Z = for fc = 0, 1,2, . . . 

TO 

These are simple, double or triple order poles depending on j, fc and £. In any 
case, only double and triple order poles ma y produce log terms in the asymptotic 
expansion of TrQ(i), cf. Proposition 4T. In summary, the poles of B(z)T(z) 
arise because of the poles of T(z), integrating M.(Q)(z)\ A in x, and from the poles 
of M(Q)(z)\ A itself. Using this information, we now write down all the possible 
combinations for the higher order poles of B(z)T(z). 
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Second order poles of B(z)T(z). Suppose that this function have a pole at z = (. 
According to (4.8) there are three cases where ( may be a double pole. 

Case 1: C — — = ~ fc ~'m ~" ^ — Then j = p — (m, and the second order 
residue at £ = — zu is 



T2 =T{Q—dl{x^ m -uo(M{Q){0)} 

r(-z fe ) 



x=0 



m 2 (p + z^m)! 



9P +Zfcm {xP+ 2fem w (M(Q)(-z fc ))} 



Case £ C = ~t = - fc ~ m '~ n € -N and C ^ for any j. Then 



''2 



(-1)* 



w(.M(Q)(-*)). 



Case ft ( = -£ = -2=2 and C ^ 



k—m—n 



for any fc. In this case, 



''2 



(-1)* 1 

£! mj! 



m£l(p + £m) 



Res Ai(Q)(-^)| A } 

.gp+lmf^m R e s .M(Q)(-£)| A } 



a:=0 



where Reso A4(Q)(— £)\a means the regular value of the kernel of M(Q)(z) re- 
stricted to the diagonal A in M 2 , evaluated at z = —£. 



Third order poles of B(z)T(z). They may only occur when in (4. 

I = - — - = for some j, k, I G N . 

m m 

In this case, the third order residue is given by 

-iy i 



T?, 



l\ mj\ 
{-If 



x=0 



di{xi-u{M{Q){-i))\ 



The second order residue can be written as a sum of the following three expressions: 



^2,1 



To( t) Qp+e 



m 2 (p + £m) ! 
where r (— £) denotes the regular value of Y{—£) 

(-1)" 



{x p+£m iu(M(Q)(-£))} 



7*2,3 



(-1)' 



mt\(p + Ira) 



to(M(Q)(-£)), 

— -d p x +lm [x p+lm Res A4(Q)(-^)| A } 



x=0 



As a consequence of Proposition 4.1 and the previous discussion, we obtain 
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Theorem 4.2. The trace of Q(t) admits an asymptotic expansion 



Tr Q(t) ~ t ^ 0+ ]T a k t^' m + £ {b k + (3 k \ogt} t k 

k—0 k=0 

oo 

+ ^2{c k +lk log t + 6 k (log t) 2 } t z 



k=Q 

where z k = k ~ m — with n = dimM. Moreover, 



0k = - {M ^ ]i " h] 



{-If 



QP+km^p+km Re So X(g)(-fc)| A } 



mk\{p + fern)! J Y 
7fe = - J^ m)[ J Y B^{^ U {M m -zu))} 



x=0 



x=0 



m 2 z k \(p + z k m)\ J Y 

If in any of the factorials (p + km)\, (p + z k m)\, or {z k )\ the number is not in No, 
we define the corresponding coefficient to be 0. 

5. Heat trace expansion 



Let A be a sector of the form ( |4.1| ). Let P and A be as in Theorem p.3\ Thus, 

(5.1) P(A-X)- 1 =Q(X) + R(\)+S(X), 

f i 

where the family Q(X) £ x m ~ p '$>™ A ~ m '~ m ' m (M, fJ^ ) is holomorphically tempered, 

R(X) £ x-vy~™' g{a) {M,ni) : and S{\) € x~» ^ A °°^ (a) (M, fij) for some index 
families t/(a) and J-"(a). Define i?(t) and S'(i) in the same way as Q(i) was defined 
in (4.2). Then by Theorems 3.7 and 3.8 of Gj, R(t) and are also operators of 
trace class and we get a decomposition 

Tr(Pe-* A ) = TrQ(<) + TvR{t) +Tr S(t), t > 0. 

By the same theorems of loc. cit. the trace of R(t) admits an expansion 

oo 

TtR(t) ~ ^2 r k t{k ~ p)/m as *-►()+ 

fc=0 

and TiS(t) vanishes to infinite order at t = 0. On the oth er hand, the trace of 
Q(t) admits the asymptotic expansion given in Theorem |J. Thus, Tr(P e -* A ) has 
the same expansion as Tr Q(t). To provide a nicer expression for the second term 
appearing in the formula for f3 k in Theorem 4.2, we proceed as follows. Denote 
by Qo(A) the function Q(A) in (|5.l|) for P = Id. Then, since Qo(X) is equal to 
(A — A) -1 modulo formally speaking, 

M(Qo)(z) = ^J t A-*Q (A)dA ^±-J^\-^A- \)~ 1 d\ = A~ z . 

Thus, although the complex powers A z does not exist in general, we can still asso- 
ciate a useful meaning to it: 

(5.2) A z := M(Q )(-z). 
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Moreover, the symbolic properties of Qo(X) imply that A4(Qq)(0) = Id and that, 
modulo A k M(Q )(-z + k) = M(Q )(-z) for any k G N Q . 

Thus, we have proved: 

Theorem 5.1. Let P € x~ p ^' (M, fif ), p, m' G M. Lei A e a;-" 1 Difff (M, fif ) 
&e smc/i £/ia£ A — A is parameter- elliptic with respect to a £l on a sector A of the 
form (4.1), and assume that m > p. Then 



fc=0 



k=0 



+ J2 {°k + Ik log* + 4(logt) 2 } i Zfc , 



fc=0 



where Zk = k — — - with n = dimAf. Moreover, the coefficients 0k, Ik and 5k are 
given explicitly by 

(-1)* 



0k 
Ik 



iM 



uj{PA k ) 

{-If 



mk\(p + km)\ J Y 

r (-z fe ) 



m 2 (p + ZkTn)\ 



(-!)*» 



m 2 {z k )\(p + z fe m)! 



x=0 



Again, if in any of the factorials the number is not in No, we define the correspond- 
ing coefficient to be 0. The meaning of the powers A z and A Zk is given in (|5.2|). 



Trace functionals revisited. By means of the generalized heat trace expansion 
obtained above, we can recover the unique trace functionals on the algebras T a , Xg, 
A a , Ao and A a ,d from Section |[ 



Theorem 5.2. In the expansion of Tr Pe tA given in Theorem 5.1, the coefficients 
0k, 7fc and 5k can be written as 

0k = - { -^(Tr a (PA k ) +Tr d (PA k )), 



Ik 



mk\ 

r (-z fc ) 



Tr d APA Zk ), 



(-!)** 

8k = -±*7TTT'toBAPA' h )- 



m 2 (z k )l 

In particular, the coefficient of logi is 



-Tr a (P) --Tr d (P) -^-Tr dta (P), 



TrQ cr (P) = —to 2 x the coefficient of (log t) 2 
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, i 

Corollary 5.3. Suppose that P e x~ p ^ (M,fl{;) with p < 0. Then there are no 
(logt) 2 terms in the expansion of Tr Pe~ tA , and 

Tr a (P) = —m x the coefficient of \ogt. 

Corollary 5.4. Suppose that P e x~ p $>™ (M, fig ) with m' < —n. Then there are 
no (logt) 2 terms in the expansion of TiPe~ tA , and 

Tig(P) = —m x the coefficient of logt. 
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